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On the bootstrap structure of Yangian-invariant
factorized S-matrices
Niall J. MacKay∗
Department of Mathematical Sciences, Durham, DH1 3LE, England
The message of this talk is that there is some very rich, largely unremarked structure
in the representation theory of the Yangian (a quasitriangular Hopf algebra discovered by
Drinfeld[1] in 1985).
We begin by taking the point of view[2,3] of a physicist investigating the charge algebra of
integrable field theories in 1+1 dimensions which have a Lie algebra valued, curvature-free,
conserved current (of which notable examples are the principal chiral model and the Gross-
Neveu model and its generalizations). Such theories thus contain a charge Qa0, valued in
a Lie algebra A, which acts additively on tensor products of asymptotically independent
particle states: defining its action on a two-particle state to be ∆(Qa0), we have
[
Qa0, Q
b
0
]
= ih¯fabcQc0 and ∆(Q
a
0) = Q
a
0 ⊗ 1 + 1⊗Q
a
0 . (1)
Such theories also have higher non-local conserved charges. The first of these, Qa1, satisfies
[
Qa0, Q
b
1
]
= ih¯fabcQc1 and ∆(Q
a
1) = Q
a
1 ⊗ 1 + 1⊗Q
a
1 +
1
2
fabcQc0 ⊗Q
b
0 . (2)
The missing commutator of two Q1’s is fixed by requiring that asymptotic states carry a
representation of the charge algebra (i.e. that ∆ be a homomorphism), and is (A 6= sl(2))
f d[ab[Q
c]
1 , Q
d
1] =
ih¯
12
fapif bqjf crkf ijkQ
(p
0 Q
q
0Q
r)
0 . (3)
This complicated relation may safely be ignored for the moment, although we shall return
to it later. The Lorentz boost does not act trivially on these charges. If we boost the
rapidity (defined by p = (m coshθ,m sinhθ)) of a particle by θ, it is found that
Lθ : Q
(0) 7→ Q(0) , Q(1) 7→ Q(1) −
h¯CAdj
4pi
θ Q(0) (where CAdjδad = f
abcf cbd ). (4)
This has important implications for the S-matrix, which is heavily constrained by conser-
vation of Q0 and Q1. The S-matrix for the interaction of two particles of rapidities θ1 and
θ2 must satisfy
[S(θ1 − θ2) , Q
a
0 ⊗ 1 + 1⊗Q
a
0 ] = 0
S(θ1 − θ2) (Lθ1 ⊗ Lθ2∆(Q
a
1)) = (Lθ2 ⊗ Lθ1∆(Q
a
1))S(θ1 − θ2) . (5)
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These equations, together with unitarity and crossing-symmetry, determine the S-matrix
up to an overall scalar factor. The classic result implied by these equations is that the
S-matrix is factorized: that the S-matrix for the interaction of a large number of particles
may be written as a product of two-particle S-matrices. That this works consistently
follows from the Yang-Baxter equation (YBE),
SV2V3(θ
′)SV1V3(θ + θ
′)SV1V2(θ) = SV1V2(θ)SV1V3(θ + θ
′)SV2V3(θ
′) (6)
(where θ and θ′ denote the appropriate rapidity differences), which follows from (5): the
S-matrix does not depend on the order in which the particles interact, and its only ac-
tion is to exchange quantum numbers within the multiplets Vi of particles of equal mass
mi. Factorization was actually deduced some years ago from other considerations, and
such S-matrices have been studied for some time[4,5]. In fact, as Bernard[3] pointed out,
the algebra (1,2,3) is precisely Drinfeld’s Yangian Y (A), which is a quasitriangular Hopf
algebra with an R-matrix satisfying (5,6) (where S = PR with P the transposition map),
and has a one-parameter automorphism (4). Now suppose that we wish to construct S-
matrices without using the underlying Yangian structure. In order to do so we may use
the bootstrap principle: that, at appropriate poles, intermediate states of the S-matrix
should be regarded as physical particles. For example, where 1 is the particle in the vector
representation of SO(N) we have[4]
S11(θ) = s(θ) [(θ0 − θ)(ipi − θ)PS + (θ0 + θ)(ipi − θ)PA + (θ0 + θ)(ipi − θ)P0]
where PS, PA and P0 project onto the traceless symmetric, antisymmetric and trace com-
ponents of 1⊗1, θ0 =
2ipi
N−2
, and s(θ) is a scalar function. The only value of θ in the physical
strip 0 ≤ Imθ < pi at which any of these components vanish is θ = θ0, and we therefore
choose the ambiguous factor s(θ) to have a simple pole at θ0, and interpret PA + P0 as a
particle state 2, so that we have a ‘fusing’ 11 → 2. Conservation of momentum tells us
the relative masses of these particles, and we can construct S12 and S22 according to the
principle[6]
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We can now continue the bootstrap, examining S12 and S22 for poles, interpreting these
as third and higher particles, and so on. In principle, we would hope that eventually all
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appropriate poles would have been interpreted as physical states, so that the bootstrap
would have closed on a finite set of particles. The mass ratios of the particles would be
known, as would the representation (possibly reducible) of A carried by the particle, and
the set of particle ‘fusings’ ab → c. Unfortunately, calculating the S-matrices involves a
great deal of computation, and calculations beyond S22 are unfeasible in practice. However,
we can already extract one important point. In all cases hitherto computed, it has been
possible to assign a particle i to a reducible representation of A containing the ith funda-
mental representation Vi of A. In some cases (e.g. for A = an and for vector and spinor
representations of SO(N)) there are no other components. A general method exists for
calculating the S-matrices in irreducible representations[7], and the bulk of the S-matrices
so far constructed have been of this type[5,7], and led to the conjecture that the fusings are
in precise agreement with the Clebsch-Gordan (CG) decomposition, i.e. that ab → c if
and only if Va ⊗ Vb ⊃ Vc. However, when the particle multiplet is reducible, this fails: for
example, when we construct S22 for the SO(N) theories
[8], we find that 22 6→ 2 in general
even though V2 ⊗ V2 ⊃ V2.
Now let us compare these S-matrices with another type of factorized S-matrix. In purely
elastic scattering theories or PESTs (of which the prime examples are affine Toda theories[9]
and integrable deformations of CFTs[10]), there is no mass-degeneracy: the particles do
not form multiplets, and (6) is trivial. The S-matrix is a scalar factor determined by
unitarity, analyticity, crossing-symmetry and the bootstrap, which is now much easier to
implement. The result is a closed bootstrap on a full spectrum of massive particles and
their fusings. For simply-laced A these match precisely the known results for the YBE-
dependent S-matrices (including the CG ‘holes’)†; moreover, the PEST structure has a
beautiful description in terms of root systems of Lie algebras[11]. It therefore seems likely
that similar structure exists in the YBE-dependent S-matrices - it is simply that the
bootstrap, whose implementation is specific to the A under consideration, is unable to
perceive it.
Let us therefore shift viewpoint and consider the particle multiplets i as fundamental
representations of Y (A). We can use (4) to boost i 7→ i(θ); the fusion procedure for Sab(θ)
is then that of decomposing a(θ)⊗b into its Y (A)-irreducible components. An alternative
approach to constructing S-matrices is to construct the action of Q0 and Q1 explicitly
and solve (5). This has been done, as far as I am aware, for two cases only. The first
is when i = Vi is irreducible and ρi(Q1) = 0: this only works when the action of the
right-hand side of (3) is zero. The second is the extension of the adjoint representation
of A by a scalar representation to the Y (A)-irreducible representation A⊕C: the action
†For non-simply-laced A there does seem to be a relationship, but it is much less clear.
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of Q0 is the adjoint action on A and zero on C, and the action of Q1 is then constructed
to satisfy (2,3). Both of these types of representation were discovered by Drinfeld[1], and
the corresponding R-matrices have been calculated[7,12]. Unfortunately this is where the
story currently ends. The construction of other representations of Y (A) seems to me to
be an interesting problem for mathematicians: for example, can we construct ρi by taking
Q0 to have the natural action, and then fixing the action of Q1 so that (2,3) are satisfied?
Beyond this, solving (5) for S is certain to be a tricky process, and may yield little insight
into the information obtained; at all levels, it seems, generality is lacking.
In conclusion, there is every prospect of interesting structure in the representation theory
of Y (A) alongside a dearth of general techniques for its discovery. For mathematical
physicists, I should perhaps point out in addition the wide range of 1+1 dimensional
integrable theories to which Y (A) is relevant - apart from those mentioned at the beginning,
the close relationship with PESTs has even led Belavin[13] to suggest that the underlying
symmetry of affine Toda theories may be Y (A)/A. I can only echo this, and hope to have
convinced people that the subject deserves more attention than it has hitherto received.
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